The antisymmetric solution of eight-vertex models called the Bell matrix becomes interesting in quantum information phenomena because it can generate all Bell states from product states. In this paper, we obtain a new quantum algebra through the FRT construction of the Bell matrix. In its four dimensional representations via the coproduct of its two dimensional representations, we find algebraic structures including a composition series and a direct sum of its two dimensional representations to characterize this quantum algebra. We also present the quantum algebra using the FRT construction of YangBaxterization of the Bell matrix.
Introduction
It is well known that the Bell states are maximally entangled states and they play key roles in various topics of quantum information [1] such as quantum entanglements [2] , quantum cryptography [3] and quantum teleportation [4] . The observation that all the Bell states can be generated by the Bell matrix motivates a series of papers in the recent study: The Bell matrix is identified with a universal quantum gate [5, 6] ; Yang-Baxterization of the Bell matrix [7, 8] is exploited to derive the Hamiltonian determining the evolution of the Bell states; the braid teleportation configuration [9, 10] in terms of the Bell matrix is a sort of algebraic structure underlying quantum teleportation.
The Bell matrix is a solution of the Yang-Baxter equation without spectral parameters [11, 12] , i.e., it is a unitary braid representation which has been used to calculate the Jones polynomial [13] . But it does not get involved in the previous study of those topics using solutions of the Yang-Baxter equation such as integral models [14] in some two dimensional quantum field theories and statistical physics. Matrix entries of symmetric solutions of eight-vertex models [12] are either positive or zero and they are explained as the Boltzman weights in statistical physics, but the Bell matrix has negative matrix entries which can not be the Boltzman weights. Here we call the Bell matrix the antisymmetric solution of eight-vertex models since it also has eight non-zero matrix entries.
In the literature there is a long history of dealing with eight-vertex models [12, 14] , related the Sklyanin algebra [15, 16] and some relevant extensions including Potts models [14, 17] . Solutions of the Yang-Baxter equation with the spectral parameter, i.e., symmetric solutions of eight-vertex models, have double-period elliptic functions [12, 14] as matrix entries. However, they are nothing with the recent study in quantum information. As a matter of fact, we find standard methodologies for six-vertex models [14, 18] helpful for the purpose of exploring applications of the Bell matrix to quantum information. For example, YangBaxterization of the Bell matrix [7, 8] has matrix entries in terms of single-period trigonometric functions which characterize six-vertex models.
In view of the fact that a new quantum group can be found via a 'nonstandard' braid group representation [19] , in this paper we obtain a new type of quantum algebra via the F RT recipe [20] which was devised for six-vertex models [14, 18] , i.e., the generators of this algebra satisfying the RT T relation where the symbol R denotes the Bell matrix and symbol T denotes a matrix collecting all generators. We find that there exists a composition series in its four dimensional representation, and shows that a product of its two dimensional representations can be decomposed into a direct sum of its two dimensional representations. Also, we have another quantum algebra through the F RT recipe on Yang-Baxterization of the Bell matrix.
The plan of this paper is organized as follows. Section 2 introduces the Bell states, Bell matrix and Yang-Baxterization of the Bell matrix. Section 3 derives a new quantum algebra using the RT T relation of the Bell matrix. Section 4 lists its two dimensional representations and presents two examples for its four dimensional representations to show characteristic properties of this quantum algebra. Section 5 sketches the quantum algebra using the RT T relation of YangBaxterization of the Bell matrix. The last section has open problems to be solved.
Bell states, Bell matrix and Yang-Baxterization
The two-dimensional unit matrix is denoted by 1 1 2 , the Pauli matrices σ x , σ y , σ z have the conventional forms, and the symbols σ + , σ − are given by
which are nilpotent operators satisfying σ 2 + = σ 2 − = 0. Denote the bases of a two dimensional vector space over the complex field C in terms of the Dirac notation |0 , |1 which form product bases |ij , i, j = 0, 1 of a four dimensional vector space over C. Four orthonormal Bell states have the forms,
which are transformed to each other under local unitary transformations,
In the literature [7, 8, 9, 10] , there are two types of the Bell matrix: B + and B − given by
which have formalisms of exponential functions,
with interesting properties:
In terms of the Bell matrices and product bases, the Bell states can be generated in the way
The Bell matrix B ± forms a unitary braid representation, i.e., satisfying the Yang-Baxter equation without the spectral parameter, see [9, 10] for the proof. Via Yang-Baxterization [7, 8] , the corresponding B ± (x) matrix which is a solution of the Yang-Baxter equation with the spectral parameter x has the form
where
With new variables of angles θ and ϕ,
we rewrite the B ± (x) matrix into an exponential formalism,
where the symbol H ± called the Hamiltonian [7, 8] is given by
The time evolution of the Bell states under the Hamiltonian H ± with the time variable θ is determined by the unitary B ± (θ)-matrix, i.e.,
3 Quantum algebra associated with the Bell matrix
Let us start with theŘ ω -matrix, a solution of the Yang-Baxter equation without spectral parameter [7, 8] ,
where theŘ −1 -matrix is a deformation of the Bell matrix B + , and theŘ 1 -matrix is a deformation of a symmetric solution of eight-vertex models.
In this section, we set up a new quantum algebra A −1 via the RT T relation where the R-matrix isŘ −1 . The T -matrix has non-commutative operatorsâ,b, cd as its matrix entries, and its tensor product T ⊗ T has the form
where the tenor symbol ⊗ in every matrix entry of T ⊗ T has been omitted for convenience. The RT T relation:Ř(T ⊗ T ) = (T ⊗ T )Ř leads to a quantum algebra A ω with the generatorsâ,b,ĉ,d satisfying algebraic relations,
As the generatorsâ,b are assumed non-vanishing, the algebraic relationĉâ = ωq −1bd can be derived from the remaining relations,
and the relationâĉ = q −1db can be similarly determined. With the help of a rescaling qĉ →ĉ, i.e., the deformation parameter q to be absorbed into a new generatorĉ, the quantum algebra A ω is generated byâ,b,ĉ,d satisfying algebraic relations,ââ =dd,âd =dâ,bb = ωĉĉ,bĉ = ωĉb,âb =dĉ,bâ = ωĉd.
The quantum algebra A 1 , i.e., ω = 1, presents a known quantum algebra obtained from the RT T relation of symmetric solutions of eight-vertex models. But the quantum algebra A −1 , i.e., ω = −1 is new since it is based on the Bell matrix which becomes interesting only in the recent study of quantum information. The quantum algebra A −1 has interesting subalgebras. As the generatorâ is a complex scalar denoted byâ = pÎ with the unitÎ, the algebra A −1 is reduced to an algebra generated byâ,ĉ,d satisfying algebraic relations,
where we define a composition operatorb to denote the operator productĉd, i.e.,b = p −1dĉ , proved to satisfyb 2 = −ĉ 2 andbĉ = −ĉb. Another interesting subalgebra is to requireb,ĉ to describe fermions, i.e., they satisfyingb 2 =ĉ 2 = 0,bĉ = −bĉ. Specially, asb =ĉ, they are the same fermion. The quantum algebra A −1 has one dimensional representations over the complex field C:b =ĉ = 0 andâ,d are complex numbers satisfyingâ 2 =d 2 , while it also has one dimensional representation over the field including non-commutative Grassman numbers:b,ĉ are Grassman numbers andâ,d are complex numbers.
Two and four dimensional representations of A −1
In this section, we list two dimensional representations over C for the quantum algebra A −1 and explore interesting algebraic structures underlying its four dimensional representations over C via the coproduct [18] of the generators of A −1 .
Two dimensional representations
The quantum algebra A −1 has two subalgebras formed byâ,d andb,ĉ respectively. Hence it is convenient to require eitherâ (d) orb (ĉ) to be a diagonal matrix in a two-dimension representation of A −1 .
As the generatorâ has a non-vanishing eigenvalue λ with two degenerate eigenvectors, the generatorsâ,b,ĉ,d have the following two dimensional representations over the complex field C,
where the generatorb is determined byb = λ −1dĉ . In this representation, taking α = 0, β = γ = λ and c 1 = µ, c 2 = c 3 = 0 leads to a representation in terms of the unit matrix 1 1 2 and Pauli matrices,
while taking α = λ = 1, β = γ = 0 and c 1 = 0, c 2 = c 3 = 1 gives another interesting representation,
As the generatorâ has two distinct complex eigenvalues, λ 1 = λ 2 , the two dimensional representation for the generatorsâ,b,ĉ,d over the complex field C is obtained to bê
where the parameter ǫ satisfies ǫ 2 = 1. Asb,ĉ represent the same fermion, i.e., ǫ = 1, c 2 = 1, c 3 = 0, we have the two dimensional representation,
Now we study the two dimensional representation in which the generatorb is a diagonal matrix. Ifb has an eigenvalue with two degenerate eigenvectors, i.e., it is a scalar operator, the generatorĉ has to be vanishing. Asb has two distinct eigenvalues p 1 , p 2 with two eigenvectors v 1 , v 2 , p 1 = −p 2 has to be satisfied becauseĉ v 1 is an eigenvector ofb with the eigenvalue −p 1 . Hence the generatorŝ a,b,ĉ,d have a non-vanishing two dimensional representation over C,
where β = 0 gives an example for the case thatâ is a scalar.
Four dimensional representation: composition series
The coproduct [18] is a linear map ∆ from the vector space V to its tensor product V ⊗ V satisfying the coassociativity axiom (∆ ⊗ Id)
Id is an identity map. The coproducts of the generatorsâ,b,ĉ,d have the forms
where the generatorsâ ′ ,b ′ ,ĉ ′ ,d ′ satisfy the quantum algebra A −1 and play the same roles asâ,b,ĉ,d, respectively. It is easy to prove the above coproducts to satisfy algebraic relations of the quantum algebra A −1 , for example,
Here we derive four dimensional representations 4 of A −1 via its coproduct structure in terms of its two dimensional representations and denote this kind of four dimensional representation by 4 = 2 ⊗ 2. This representation 4 is defined by the coproduct map from the generatorsâ,b,ĉ,d to their coproducts ∆(â), ∆(b), ∆(ĉ), ∆(d) in the waŷ
where |0 , |1 are the bases of 2 and |ij , i, j = 0, 1 are the bases of 4.
In the following, we present two examples for its four dimensional representations. In the first one, we exploit the two dimensional representation (23) with λ 1 relabeled to be 1 and λ 2 to be λ, i.e., a|0 = |0 ,â|1 = λ|1 ,d|0 = |0 ,d|1 = −λ|1 , b|0 = 0,b|1 = |0 ,ĉ|0 = 0,ĉ|1 = |0 (28) and the two dimensional representation for the generatorsâ
This four dimensional representation 4 has a composition series over C,
where the set {0} consists of zero element and the set {|00 , |01 } can be replaced by {|00 , |10 }. An ascending chain of subrepresentations is called a composition series if the successive quotients are irreducible representations. We will see that each term in our composition series is an indecomposable representation (i.e. not a direct summand) and all the nontrivial term is reducible. Namely, the four dimensional representation has irreducible subrepresentations but it is not completely reducible. Let us explain this in detail. The vector space {|00 } forms an one-dimension irreducible subrepresentation of A −1 , a|00 = |00 ,b|00 = 0,ĉ|00 = 0,d|00 = |00 ; (31) the vector space {|00 , |01 } forms a two-dimension subrepresentation of A −1 ,
and the vector space {|00 , |10 } forms another two dimensional subrepresentation of A −1 ,â |10 = λ|10 ,b|10 = |00 ,ĉ|10 = |00 ,d|10 = −λ|10 ;
and so the vector space {|00 , |01 |10 } forms a three-dimension subrepresentation for the algebra A −1 . See Figure 1 , every horizontal line represents a state in the four dimensional representation 4 and every line with an oriented arrow denotes a transition between different states which is caused by the action of a generator.
In the four dimensional representation 4={|00 , |01 |10 , |11 }, the actions of all generators on |11 are linear combinations of |ij , i, j = 0, 1,
and so it is impossible for 4 to have completely reducible representations. Similarly one sees from Figure 1 that {|00 } is the only nontrivial subrepresentation of {|00 , |01 }, and hence the representations {|00 , |01 }, {|00 , |10 }, {|00 , |01 |10 } and {|00 , |01 , |10 |11 } are reducible and indecomposable representations. As λλ ′ = 1, we obtain the second common eigenvector |ψ of the generatorŝ a,d which have the first common eigenvector |00 ,
In the vector space spanned by |01 , |10 , a series of vectors |φ n given by
form a four-dimension representation of the quantum algebra A −1 together with the vectors |ψ and |00 ,
where |00 with any one of |φ n forms a two-dimension irreducible representation.
As λλ ′ = 1, we define |ψ n = n|00 + |11 , n ∈ N, satisfyinĝ a|ψ n =d|ψ n = |ψ n+1 ,b|ψ n = −|φ 1 ,ĉ|ψ n = |φ 1
which form a four-dimension representation of A −1 with |φ n and |00 . See Figure  1 where composition series can be easily recognized at the diagrammatical level.
Four dimensional representation: 2 ⊗ 2 = 2 ⊕ 2
In the second example, we obtain the four dimensional representation 4 of A −1 via the coproduct construction in terms of the two dimensional representation (20) of the generatorsâ,b,ĉ,d,
and the two dimensional representation of the generatorsâ ′ ,b ′ ,ĉ ′ ,d ′ which is the same as (20) except that λ, µ are replaced by λ ′ , µ ′ . In addition, new symbols z,z, w,w are introduced,
where symbols x, y, v, u denote the following products,
In this four dimensional representation 4, the generatord has four eigenvectors denoted by four Dirac kets |χ 1 , |χ 2 , |τ 1 , |τ 2 in terms of Bell states |ψ ± , |φ ± (2) given by
which are related to four distinct eigenvalues of the generatord,
The generatorâ has an eigenvalue z with two degenerate eigenvectors |χ 1 , |χ 2 and another eigenvaluez with two degenerate eigenvectors |τ 1 , |τ 2 , i.e.,
The Dirac kets |χ 1 , |τ 1 form a two-dimension cyclic representation 2 for the generatorsb,ĉ:
and the Dirac kets |χ 2 , |τ 2 form another two dimensional cyclic representation 2 given bŷ b|χ 2 =w|τ 2 ,b|τ 2 = −w|χ 2 ,ĉ|χ 2 =w|τ 2 ,ĉ|τ 2 = w|χ 2 .
Hence we reduce the four dimensional representation 2 ⊗ 2 into the direct sum of two dimensional representations: 2⊗2 = 2⊕2. See Figure 2 where states denoted by thick lines have the same eigenvalue and every irreducible representation 2 is cyclic.
With the bases of |χ 1 , |χ 2 , |τ 2 , |τ 1 , the four dimensional representations of the generatorsâ,b,ĉ,d are given by the following matrices,
These four Dirac kets |χ 1 , |χ 2 , |τ 1 , |τ 2 are found to be local unitary transformations of the Bell states (2): where U 1 , U 2 , U 3 , U 4 are unitary matrices given by
and they form a set of complete orthonormal bases for 2 × 2 matrices,
Hence, |χ 1 , |χ 2 , |τ 2 , |τ 1 are maximally entangled states like the Bell states (2) because the entangled degree of a quantum state is invariant under local unitary transformations in quantum information [1] .
5 Quantum algebra associated with the B + (x)-matrix
The B ± (x)-matrix (8) is obtained via Yang-Baxterization of the Bell matrix B ± , see [7, 8] for the detail, and it is a solution of the Yang-Baxter equation with the spectral parameter x. There also exists a quantum algebra from the following RT T relation:Ř (xy −1 )(T (x) ⊗ T (y)) = (T (y) ⊗ T (x))Ř(xy −1 )
which is invariant under the rescaling transformation of theŘ(x)-matrix and T (x)-matrix by global scalar factors. Here theŘ(x)-matrix has the form of the B ± (x)-matrix (8) without the normalization factor. Assume the T ± (x)-matrix to have a formalism similar to B ± (x) which is a linear combination between the Bell matrix B ± (4) and its inverse B 
where the B ± matrix does not have the normalization factor 1/ √ 2 in (4), the T ± -matrix has four noncommutative operatorsâ,b,ĉ,d as its matrix entries and the T ′ ± -matrix has four noncommutative operatorsâ ′ ,b ′ ,ĉ ′ ,d ′ as its matrix entries. The original RT T relation (51) with the spectral parameters x, y is simplified into the four RT T relations independent of the spectral parameter, B ± (T ± ⊗ T ± ) = (T ± ⊗ T ± )B ± , B ± (T 
